We examine the non-inertial effects of a rotating frame on a Dirac oscillator in a cosmic string space-time with non-commutative geometry in phase space. We observe that the approximate bound-state solutions are related to the biconfluent Heun polynomials. The related energies cannot be obtained in a closed form for all the bound states. We find the energy of the fundamental state analytically by taking into account the hard-wall confining condition. We describe how the ground-state energy scales with the new non-commutative term as well as with the other physical parameters of the system.
Introduction
The main purpose of this paper is to analyze the effects of non-commutativity on the dynamics of a Dirac oscillator in a rotating cosmic string space-time. Our contribution thus adds a novel feature to the work by Bakke [1] which considered the same system but in the standard context of a commutative space-time.
As proposed recently in Ref. [2] , observational cosmology is so thriving that its data might help understand particle physics beyond the Standard Model and the reach of present or future particle accelerators, thus 'probing particle physics from top down'. An example of such cosmological objects is the concept of cosmic strings, which may occur in some quantum field theories in the form of linear defects in stable field configurations [3] [4] [5] . Although the Standard Model itself does not admit string configurations stable in the vacuum, a quantum field theory beyond the Standard Model which allows cosmic string solutions might have led, according to the Kibble mechanism, to the formation of a network of strings during the cooling process in the early universe, that might continue to the present time [6] .
The cosmic strings are spatial lines of trapped energy density, analogous to vortex lines in superfluids and superconductors or line defects in crystals [7] . The cosmological signatures of the gravitational effects caused by this energy density are expected to be quite distinctive, and it is therefore important to understand the interaction between relativistic fields and these gravitational fields. The influence of defects was investigated in many papers dealing, for example, with the scattering of particles [8] [9] [10] , single particles in various potentials within space-times with topological defects [11] , or the harmonic oscillator interacting with topological defects [12, 13] . The term 'Dirac oscillator' was introduced in 1989 [14] , although a similar equation had been introduced in 1967 [15] and solved four years later [16] . It is an exactly solvable model introduced in the context of many-particle models in relativistic quantum mechanics. The associated equation, defined by the Dirac equation with an imaginary effective linear vector potential added to the momentum operator, followed the rationale that since the oscillator potential is quadratic in the coordinates, the relativistic description of spin-half particles should involve an equation linear in both coordinates and momenta. In addition to being a rare solvable relativistic model, its non-relativistic limit is the Schrödinger harmonic oscillator with in addition a strong spin-orbit coupling. A recent comment with early references can be found in Ref. [17] . Recent contributions which describe the influence of non-inertial effects on the Dirac oscillator in the cosmic string space-time background are in Refs. [1, 18, 19] and the references therein. The Dirac oscillator in a topological defect space-time was examined in Refs. [1, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . The bound states of electrons and holes to disclinations were investigated in Refs. [32, 33] , as well as the calculations of Landau levels in the presence of topological defects [34] [35] [36] .
To our knowledge, the first major paper which exploited the idea that configuration-space coordinates do not commute is Ref. [37] . It may be interesting to note that the idea first came to Heisenberg as a prospective remedy for short-distance singularities; he mentioned his idea to Peierls, who relayed it to Pauli, who relayed it to Oppenheimer, who asked his student H. S. Snyder to explore this idea [38] . About twenty years ago, there was a revived interest in non-commutative quantum mechanics in the study of the low-energy effective theory of D-branes in the background of a Neveu-Schwarz B-field in a non-commutative space [39] [40] [41] [42] . Recent investigations of non-commutative geometry pertained to the quantum Hall effect [43] [44] [45] [46] , the Landau problem [47] [48] [49] [50] [51] , planar quantum systems with central potentials [52, 53] , geometric phases [54, 55] , the Dirac oscillator [24, 25, [56] [57] [58] and the relativistic Duffin-Kemmer-Petiau oscillator [59] [60] [61] . Finally, let us mention that the scattering of non-commutative vortices was investigated in Ref. [62] in order to describe the interaction of cosmic strings. On the other hand, our paper deals with the behaviour of a Dirac oscillator in the presence of a single cosmic string and non-commutativity. In particular, we will be interested in analyzing the effects of the non-commutativity in the phase space, specially concerning the momenta commutation relations. The interesting point of this analysis is that the non-commutativity of the momentum coordinates emulates the presence of a background magnetic field [51, 63] .
The wave function of the Dirac field considered here can be approximated in terms of Heun polynomials. The Heun function is considered as a generalization of the "hypergeometric, Lamé, Mathieu, spheroidal wave and many other known special functions" [64] . It has had an increasing interest in physical applications in the last decades. In fact, there is a plethora of physical systems in which the Heun functions appear like in the analysis of black holes, braneworld, quantum field theory [65] [66] [67] [68] [69] and many others (see Ref.
[70] for a long list of applications). In this sense, our analysis reinforces the importance of the Heun functions in physics. In particular, of special interest here are the Heun polynomials, which are related to the energy eigenfunctions and the quantized energy of the system.
In this paper, we investigate the effects of non-commutativity in a cosmic string space-time equipped with a rotating frame in cylindrical coordinates by writing the Dirac equation in this curved space-time. As mentioned, e.g. in Ref. [1] and references therein, the geometry of the space-time can play the role of a hard-wall confining potential via non-inertial effects. We consider non-commutativity in the momentum components only; this modifies the non-minimal oscillator prescription by adding a new term related to the Bopp shift. We study the bound-state solutions and find the corresponding energies. In Section 2, we obtain Eq. (36) for the Dirac oscillator in a rotating cosmic string spacetime with non-commutative momenta. In Section 3, we investigate the solutions by restricting the non-commutativity parameters to be parallel to the cosmic string. We use the Frobenius method to determine an approximate solution of the wave function in terms of the Heun polynomials and, most importantly, the energy eigenvalues, which depend on the string parameters, rotation parameter and non-commutativity parameter. Due to the constraint for the termination of the Frobenius series, we are not able to get a closed expression for the energy levels which is valid for all the values of the principal quantum number; instead, each energy level has to be obtained by solving the quantization condition together with the constraint equation order-by-order. Here, we exemplify the procedure for the ground energy level of our system. As discussed in Section 3, the approximate nature of the solution is also due to the presence of the harmonic oscillator subject to a hard-wall confining potential. We describe the validity of our approximation in statistical terms, that is, we express the statistical error from the hard-wall condition in terms of the parameters which describe our physical system. We briefly discuss the low angular velocity limit of the rotating frame, the large-mass limit and the commutative limit of the model.
2 Dirac equation for the oscillator in a non-commutative cosmic string space-time
The purpose of this section is to obtain Eq. (36) by introducing the Dirac oscillator via a non-minimal coupling within the Dirac equation generalized to curved space-time with a cosmic string metric in a rotating frame, with non-commutative momenta. Eq. (36) is expressed in cylindrical coordinates and involves many parameters: frequency of the rotating frame, a parameter related to the deficit angle, mass of the Dirac field, frequency of the Dirac oscillator, non-commutativity parameters in the momentum space, and the energy.
In this section, we consider a rotating reference frame, which was studied also in Refs. [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] . Hereafter, we work with the same cosmic string space-time as in Ref. [1] , with metric signature diag(−1, +1, +1, +1), and described with cylindrical coordinates (ρ, ϕ, z) by
where ω is the angular frequency of the rotating frame, η = 1 − 4Λ (with Λ the string's linear mass density) runs in the interval (0, 1] and is related to the deficit angle θ = 2π (1 − η), and with units such that c = 1. Geometrically, the line element in Eq.
(1) describes a Minkowski space-time with a conical singularity [82] . The first term in Eq. (1) implies the natural occurence of two intervals, delimited by ρ 0 ≡ 1 ωη : 0 < ρ < ρ 0 , considered hereafter, and ρ > ρ 0 , for which the particle lies outside of the light-cone as its velocity is greater than the velocity of light. This involves the condition that the wave function of the Dirac particle must vanish as ρ approaches ρ 0 . Thus ωη determines two classes of solutions: a finite wall ρ 0 with ωη arbitrary but finite and the wall ρ 0 at infinity when ωη ≪ 1 [1] .
The Dirac equation, with flat Minkowski space-time coordinates x a , for a fermion with mass m is [83] iγ
We utilize the standard Dirac γ a matrices in the Minkowski space-time,
where 1 is the 2 × 2 unit matrix and
are the Pauli matrices. Its curved space-time version is obtained by means of the tetrad (or vierbein) field e a = e a µ (x) dx µ , which can be found from the metric
The following tetrad components [80, 81] ,
are consistent with the metric in Eq. (1).
In curved space-time, the gamma matrices of Eq. (2) are replaced by
and the derivative ∂ µ is replaced by the covariant derivative,
Therefore, the Dirac equation in curved space-time reads
The covariant derivative in Eq. (6) involves the spinorial affine connection Γ µ ,
where ω µab are the spin connection components
and Σ ab is the commutator
In Eq. (9), Γ β νµ denotes the Christoffel symbols which, for the metric in Eq. (1), are
For the tetrads in Eq. (5) we have
From Eqs. (8) and (10), we obtain
The Dirac oscillator is described by inserting the non-minimal coupling [1, 14] :
into the Dirac equation. The frequency of the oscillator is ω 0 . In cylindrical coordinates,
Since
Non-commutative phase spaces, as the one examined hereafter, can be described by applying a generalized 'Bopp shift' Ref. [84, 85] which consists in replacing the coordinates and momenta by the operators
which implies
where Θ i and Ω i (i = 1, 2, 3) are real parameters given by Θ ij = ǫ ijk Θ k , Ω ij = ǫ ijk Ω k , and the parameters ∆ ij are given by
As is known in the literature (see for instance Ref. [63] ), the non-commutativity of the space leads to a non-locality. In order to emulate the presence of a background magnetic field, thus preserving a priori the locality of the theory, we restrict our study to a non-commutative momentum space only; that is,
Therefore, Eq. (13) is reduced tor
where
The comparison of the momenta commutation relations above with those obtained by the minimal coupling in the case of the presence a constant magnetic field [51] shows that the non-commutative parameters Ω ij resemble the components of this magnetic field. From the previous equations and the properties of the Dirac matrices, we find that the Dirac equation (7) takes the explicit form:
with the Pauli matrices given in Eq. (4). If we write
we obtain
and
We point out two sign differences with Ref. [1] in each of these two equations: the third term on the left-hand side and, in the first line of the right-hand side, the second term scaling with 1 2ρ
. Hereafter, we write down the general equations with both ρ and z dependence in the oscillator. However later on, we will solve the simpler case with the oscillator depending only on ρ. We assume that the angular velocity of the rotating frame is small, so that ωρ ≪ 1. Thus we can use the approximation 1 − ω 2 η 2 ρ 2 ≈ 1 − 1 2 ω 2 η 2 ρ 2 , and we can rewrite Eqs. (14) and (15) as
As done in Ref.
[1], we neglect
, but we keep
. The previous equations then become
In order to obtain a differential equation for φ, it is convenient to rewrite Eqs. (18) and (19) in a more concise form as
where we defined
Note the relations
which is analogous to the LHS of Eq (14) in Ref. [1] . We can extract χ from Eq. (21) by multiplying it on the left with S − . Then we find
which leads to
Next, let us multiply Eq. (20) on the left with S + , so that
These lead to
By calculating all the terms in Eq. (35), we obtain
where β 2 is defined in Eq. (17) . Among the commutative terms of Eq. (36), we observe five differences with Ref. [1] : the first sign of the LHS, and on the RHS, the third and fifth terms of line 1, the first and fourth terms of line 7. Therefore we should not expect our results to coincide, in their commutative limit, with the results of Ref. [1] .
To recapitulate how we obtained Eq. (36): we solved the generalized Dirac equation (7) with the tetrads of Eq. (5) associated with the cosmic string metric in Eq. (1), in a space that is noncommutative in momenta only, as described in Eq. (13) with Ω = 0. Finally, the oscillator is introduced via Eq. (12) in the cylindrical coordinates of Eq. (11). In the following section, we shall consider further approximations in order to simplify and solve Eq. (36) , and determine the energy eigenvalues.
3 Solutions of the radial oscillator with non-commutativity parallel to the string
In this section, we solve the radial part of Eq. (36) by means of the ansatz in Eq. (37) with further simplifications: we keep only the non-commutativity around the axis of (frame) rotation non-zero, we consider solution in a plane perpendicular to the axis of rotation. We utilize the Frobenius method to obtain solutions in terms of the biconfluent Heun functions and the energy eigenvalues in terms of the relevant parameters.
If we write solutions in the form
where L = 0, ±1, ±2, . . . [1] , which we substitute into Eq. (36) and collect terms in ρ 2 ,
and ρ, with each terms containing further dependences on z, we find
Now let us examine Eq. (38) with Ω 1 = 0 = Ω 2 , so that only the non-commutativity parameter Ω 3 , parallel to the cosmic string, is different from zero. In this case, the right-hand side of Eq. (38) commutes with p z = −i∂ z so that we can use
If we set m ℓ = 0 so that we work with a planar system, then we can express Eq. (38) in terms of eigenfunctions of σ 3 with s = ±1 corresponding to R + (ρ) and R − (ρ), (where prime denotes differentiation with respect to ρ)
Let us write Eq. (39) in a more compact form,
In order to investigate the energy spectrum, let us change the dependent variable as
with k, q, h to be yet determined, such that by substituting it in Eq. (39), we find
The terms proportional to ρ 2 , ρ and 1 ρ 2 in Eq. (46) are set equal to zero if we choose k, q and h in Eq. (45) as follows:
Then, Eq. (46) reduces to
This can be compared to the biconfluent Heun equation in its canonical form [86, 87] ,
An interesting paper that examines the Klein-Gordon and Dirac equations of particles in cosmic string space-time in the presence of magnetic field and scalar potential, and which explains the use of the biconfluent Heun differential equation in the present context is Ref. [88] : its appendix describes some properties of the Heun equation with the Frobenius method, and its introduction mentions references where Heun functions appear in quantum field theory. Other papers which involve the biconfluent Heun function in the context of quantum fields in the presence of topological defects include Refs. [89, 90] .
We determine the appropriate sign for k in Eq. (47) as follows. If we claim that the non-rotating frame solution should be obtained as a particular case of our solution, then with ω → 0 we have 0 < ρ < ∞. In this case, in the limit ρ → ∞, Eq. (50) becomes
This limit suggests that F (ρ) will behave like
so that by substituting into Eq. (52) and keeping only the higher contributions, we find
which implies that γ = −2k and F (ρ) ≈ e 2kρ 2 ρ λ , thus showing that k > 0 would imply that if F (ρ) is divergent then R(ρ) would diverge as well. We will avoid divergence of R(ρ) by choosing k > 0 but we enforce F (ρ) to be be a finite polynomial, so that it does not diverge. Therefore, Eq. (47) should be restricted to
where |B| = −B since B is negative. Consequently, Eq. (48) should be reduced to
Once we have established the appropriate sign of k using the non-rotating limit, we return to the general case with an arbitrary ω. The rotating frame imposes a hard-wall condition, i.e. R(ρ ≥ ρ 0 ) = 0, where ρ 0 ≡ 1 ωη [1] . According to the ansatz given in Eq. (45), we should enforce F (ρ 0 ) = 0. This condition is not attainable exactly for the polynomials that will be obtained below; that is, we cannot find an analytical form that strictly satisfies the hard-wall condition. This fact is consistent with a statement in Ref. [91] for harmonic oscillators with a hard-wall confinement. However, it suffices that the amplitude of the wave function be negligibly small at distances larger than the hardwall. In Appendix B we demand the hard-wall condition is indeed satisfied and obtain Eq. (B.1) which provides a constraint upon the set of the physical parameters in terms of any desired statistical significance (in terms of a coverage factor j) [92] . In other words, Eq. (B.1) allows to constrain the physical parameters so that the probability of finding a particle will be within the desired confidence level respecting the hard-wall condition.
We now turn to power series solutions of Eq. (50) by means of the Frobenius method. We consider
By substituting F (ρ) into Eq. (50), we obtain
From the coefficients of ρ −1+r , we find, using h from Eq. (49),
For ρ r , we obtain
and the coefficients of ρ n+1+r lead to
The power series becomes a polynomial if there is a value of n, say n 0 , such that the numerator of the last term in Eq. (58) is zero,
The first condition leads to
Note that, although this equation provides the energy spectrum, the condition c n 0 +1 = 0 in Eq. (60) imposes further constraints between physical parameters describing our system. In our situation, there is no general expression for the biconfluent Heun function for general n 0 and since we cannot obtain a solution of Eq. (60) for a general n 0 , we are left to solve it for each degree of the polynomial (for an early example, see Refs. [93, 94] ) considered one at a time. For instance, we show in the Appendix A that the condition c 2 = 0, which corresponds to a linear polynomial, can be satisfied by adjusting the oscillator's frequency ω 0 in the limit ωη m ≪ 1, as follows:
(1 + r) (r + 2h − 1) and
From Eqs. (56), (49) and (42),
We chose r = 2 (1 − h) because by analyzing the commutative limit, we observe that we must keep the minus sign in Eqs. (49) and the plus sign in Eq. (56) if we want our results to be compatible. (With r = 0, the minus sign should be discarded and the plus sign should be considered.) By substituting ω 0 in Eq. (61), with q from Eqs. (54), (41) and (43), we obtain in first order of ωη m ,:
This equation has the following solution:
As mentioned earlier, Eq. (61) provides the energy spectrum whereas Eq. (65) was obtained by enforcing the condition (59) for the mode n 0 = 1; thus Eq. (65) is valid for n 0 = 1 only. Let us mention two physical observations: (1) there is a coupling between the angular momentum, represented by the quantum number L, the spin (quantum number s) and the non-commutativity parameter Ω 3 in the last term on the right-hand side and (2) there is a coupling between the spin and the angular velocity ω is shown in the first term on the right-hand side. The coupling between the angular momentum and the angular velocity ω is a second order effect.
The energy obtained in Eq. (65) should also be consistent with the hard-wall condition. We have shown in Appendix B that this is essentially the case if the following constraint is satisfied:
where j is the coverage factor. We obtain expressions in terms of the physical parameters that provide the desired statistical significance related to the coverage factor. The larger the value of j, the greater the probability density within the hard-wall ρ 0 = 1 ηω . Therefore, there is a compromise between the strength of the non-commutative parameter Ω 3 and the angular velocity of the rotating frame ω. In any case, this requirement is in agreement with ωη m ≪ 1. Next, we consider in turn the limits where the angular velocity ω approaches zero, the large-mass limit, and the commutative limit Ω 3 ≈ 0.
Low angular velocity limit ω → 0 In this limit, Eq. (65) reduces to
(with K defined after Eq. (62)) where the contribution of non-commutativity is described by the second and third terms with the factor Ω 2 3 , inversely proportional to m 2 η 2 ; thus we observe that the bigger the mass the smaller the contribution of the term with the non-commutative parameter. (We emphasize again that Eq. (65) corresponds only to the mode n 0 = 1, thus so does Eq. (66) .) It is interesting to note that
where Z is defined in Eq. (A.3) of the Appendix. In the first case, K = 0 and the contribution of the non-commutative parameter decreases the modulus of the energy. The contribution of the non-commutative parameter is similar in the second case, where K = 0: the contribution of the non-commutative terms, that now accounts for both the second and third terms of the right hand side, also makes the modulus of the energy decrease.
Large-mass limit With the same reasoning as in Eqs. (22) and (26) of Ref. [1] , we consider the case in which the mass m is greater than the other physical parameters in the energy E n 0 =1 . In this limit, all the terms in the square root of Eq. (65) other than 1 are small compared to 1, which allows us to apply the approximation
x. Then Eq. (65) becomes
The first term on the right hand side of Eq. (68) represents the rest energy of the Dirac particle, whereas the remaining terms give the contribution to the energy of a Dirac oscillator subjected to non-inertial effects of the rotating frame and the topology of the cosmic string in a space that is non-commutative along the string. As in the previous case, the contribution of the non-commutative terms makes the modulus of the energy decrease. The contribution of the frame angular velocity term imply the increasing or decreasing of the energy, depending on the value of the spin.
Commutative case For the relativistic case, we consider the limit Ω 3 → 0 in Eq. (65) . This leads to
It may suggest that the energy is simply the rest energy with a contribution due to the frame rotation but one must be careful when considering this commutative limit. As can be seen from Ref. [1] , when one begins from a commutative space, then the condition c n 0 +1 = 0 need not be imposed, as the wave function is not related to the Heun functions. Without this condition, ω 0 would not acquire discrete values and would remain as a free parameter of the theory.
Eq. (65) should be considered with q = 0, which would lead to
In this case, we observe that the coupling between ω and the angular momentum is present in the first order approximation when 
Final remarks
This paper analyzes the non-commutative effects on a Dirac oscillator in a cosmic string spacetime equipped with a rotating frame. The non-commutativity is introduced only in the momentum coordinates, since the intention was to emulate a background magnetic field. The non-commutativity is a new feature compared to similar studies in the literature, as in Ref. [1] . We build the field equation for the spinor particle in the curved space-time using the tetrad formalism. The Dirac oscillator is introduced via a non-minimal coupling to the momentum; the oscillations with frequency ω 0 are, at first, allowed to take place in both ρ-and z-direction of a cylindrical coordinate system appropriate to the geometry of the string. Later, when solving for the self-energy of the Dirac particle, the oscillations are restricted to the radial direction (perpendicular to the string).
In order to decouple the field equations for the two components of the spinor, we make the assumption that the rotating frame velocity ωρ is much smaller than the speed of light c = 1. The mass m of the Dirac particle is also taken to be greater than the parameter ωη related to the effects of the rotating frame's angular speed ω and parameter η associated to the string's mass density.
The decoupled field equation is solved in terms of eigenfunctions of the Dirac matrix σ 3 under the restriction that the momentum non-commutativity lies along the string axis. Accordingly, the presence of non-commutativity is controlled solely by parameter Ω 3 . The differential equation for the radial part of the wave function is obtained through Frobenius method and corresponds to the biconfluent Heun equation. Physically meaningful eigenfunctions require the energy E to be discretized. Besides the discretization equation, Eq. (59), we must also satisfy condition c n 0 +1 = 0 for the series termination. This last requirement prevented us from obtaining a closed expression for the energy spectrum E in terms an arbitrary value of n 0 . This has to be done order-by-order for each value chosen for n 0 . As an example, we set n 0 = 1 and obtained the analytic formula for E n 0 =1 . On top of that, the hard-wall condition was imposed. We found the restrictions on the physical parameter necessary to make the probability density of finding the particle outside the hard-wall negligibly small. Appendix B makes it clear that the non-commutativity parameter plays a role for implementing the hard-wall confining condition.
Hereafter we stress the novelties coming from non-commutativity. The non-commutative parameter Ω 3 couples to orbital angular momentum L, to spin s and to the parameters related to frame rotation frequency ω, string's mass density related quantity η and mass m of the particle. This is clear from e.g. Eq. (65) . This equation also shows how Ω 3 modifies the energy of the Dirac oscillator: the modulus of the energy decreases due to the non-commutative parameter. The non-commutative term scales with the inverse of the mass: the bigger the mass, the smaller the contribution of the NC term.
The non-commutative term in the various expressions of E scales with inverse powers of η = 1−4Λ, where Λ is the string's mass density. Therefore, the bigger the density, the smaller the η and the bigger the influence of the non-commutativity on the energy. However, the density modifies the contribution of the non-commutative term up to the limit η = 1, when the conic space-time geometry produced by the string flattens out to Minkowski space-time leaving behind only the information about the Dirac oscillator.
Future perspectives of this line of research include the analysis of the DKP field on a noncommutative cosmic string space-time with a rotating frame.
A Appendix: Restriction from the power series to a polynomial
The purpose of this Appendix is to show some details of the analysis of Eq. (60) . It leads immediately to
Hereafter, we consider the approximation ωη m
The approximation (A.2) also implies that Eq. (54) gives
from Eq. (53) we find
and from Eqs. (49) and (56),
With these parameters, we find from Eq. (A.1) that
We consider n 0 = 1 so that the Heun power series is simply restricted to a linear polynomial. Then We define Y as the term that is proportional to Ω (1 + r) (r + 2h − 1) − 2mE
(1 + r) (r + 2h − 1) − 2mω 0 = 0. (1 + r) (r + 2h − 1) .
B Appendix: Hard-wall constraint
Since it is impossible to implement the hard-wall condition (F (ρ 0 ) = 0) exactly for a harmonic oscillator, as stated e.g. in Ref. [91] , hereafter we express the validity of our solution with Heun polynomials in terms of the physical parameters required to obtain the desired statistical significance [92] . The statistical significance quantifies by how much the probability of our wave function lies outside the hard-wall. This should be negligible for a physically meaningful solution:
We can express R (ρ) from Eq. (45) . Moreover, the hard-wall is located at ρ 0 ≡ 1 ωη ; its precise position is set by the values of the parameters ω and η. Therefore, the probability density will be negligibly small for ρ > ρ 0 if ρ 0 is sufficiently larger than the expectation value (− q 2k
). This will depend on the value of k (or equivalently the standard deviation). For instance, if the hard-wall is 6σ distant from the expectation value, the probability of finding the particle outside the hard-wall is less than 2 × 10 −7 %. Accordingly, we demand
where the coverage factor j should correspond to the desired significance level: the larger the j, the better the confinement. Hereafter, we search for a relation between the factor of confinement j and the parameters of our physical system. After substituting the physical parameters into the previous inequality, we obtain:
